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GEOMETRIC REALIZATION OF KHOVANOV-LAUDA-ROUQUIER
ALGEBRAS ASSOCIATED WITH BORCHERDS-CARTAN DATA
SEOK-JIN KANG1, MASAKI KASHIWARA2, AND EUIYONG PARK3
Abstract. We construct a geometric realization of the Khovanov-Lauda-Rouquier algebra
R associated with a symmetric Borcherds-Cartan matrix A = (aij)i,j∈I via quiver varieties.
As an application, if aii 6= 0 for any i ∈ I , we prove that there exists a 1-1 correspondence
between Kashiwara’s lower global basis (or Lusztig’s canonical basis) of U−
A
(g) (resp. VA(λ))
and the set of isomorphism classes of indecomposable projective graded modules over R
(resp. Rλ).
Introduction
The Khovanov-Lauda-Rouquier algebras (or quiver Hecke algebras) were introduced inde-
pendently by Khovanov-Lauda [13, 14] and Rouquier [18] to construct a categorification of
quantum groups associated with symmetrizable Cartan data. For a dominant integral weight
λ ∈ P+, Khovanov and Lauda conjectured that the cyclotomic quotient Rλ of the Khovanov-
Lauda-Rouquier algebra R gives a categorification of the irreducible highest weight module
V (λ) [13]. Recently, this conjecture was proved by Kang and Kashiwara [8]. In [21] Webster
also gave a proof of this conjecture by a completely different method.
When the Cartan datum is symmetric, Varagnolo-Vasserot [20] and Rouquier [19] gave a
geometric realization of Khovanov-Lauda-Rouquier algebras via quiver varieties and proved
that the isomorphism classes of projective indecomposable modules correspond to Kashi-
wara’s lower global basis (or Lusztig’s canonical basis) [12, 15].
In [10], Kang, Oh and Park introduced a family of Khovanov-Lauda-Rouquier algebras
R associated with symmetrizable Borcherds-Cartan data and showed that they provide a
categorification of quantum generalized Kac-Moody algebras and their crystals. More pre-
cisely, let U−
A
(g) be the integral form of the negative half of the quantum generalized Kac-
Moody algebra Uq(g) associated with a Borcherds-Cartan matrix A = (aij)i,j∈I and let us
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set K0(R) =
⊕
α∈Q+ K0(R(α)-pmod), where K0(R(α)-pmod) is the Grothendieck group of
the category R(α)-pmod of finitely generated projective graded R(α)-modules. Then it was
proved in [10] that there exists an injective bialgebra homomorphism
Φ : U−
A
(g) →֒ K0(R)
and that Φ is an isomorphism when aii 6= 0 for any i ∈ I.
A big difference with the case of Kac-Moody algebras is that the defining relations of R
contain a family of polynomials Pi of degree 1−
aii
2 (i ∈ I) as twisting factors for commutation
and braid relations. As we will see in Lemma 2.6, the polynomials Pi have a natural geometric
interpretation.
For a dominant integral weight λ ∈ P+, if aii 6= 0 for any i ∈ I, it was proved in [9] that
the cyclotomic quotient Rλ of R provides a categorification of the irreducible highest weight
Uq(g)-module V (λ). That is, there is a UA(g)-module isomorphism
Φλ : VA(λ)
∼
−→ K0(R
λ) :=
⊕
α∈Q+
K0(R
λ(α)-pmod),
where K0(R
λ(α)-pmod) is the Grothendieck group of the category of finitely generated pro-
jective graded Rλ(α)-modules.
In this paper, following the framework of [20], we construct a geometric realization of
Khovanov-Lauda-Rouquier algebras associated with symmetric Borcherds-Cartan data via
quivers possibly with loops. One of the main ingredients is Steinberg-type varieties arising
from quivers. As an application, when aii 6= 0 for any i ∈ I, we prove that the isomorphism
Φ (resp. Φλ) gives a 1-1 correspondence between Kashiwara’s lower global basis (or Lusztig’s
canonical basis) of U−
A
(g) (resp. VA(λ)) given in [11] and the set of isomorphism classes of
indecomposable projective R-modules (resp. indecomposable projective Rλ-modules).
Let us explain our results more precisely. Let Q = (I,Ω) be an arbitrary locally finite
quiver with a vertex set I and an oriented edge set Ω. The edge set Ω may have loops which
will give a geometric interpretation of the polynomials Pi in the definition of R.
Let α ∈ Q+ with |α| = m and Iα = {ν = (ν1, . . . , νm) ∈ I
m | α = αν1 + · · · + ανm}.
We fix an I-graded vector space Vα =
⊕
i∈I Vi with dim(Vα) = α. Let Eα be the set of all
representations of Q with dimension vector α, let Fν be the set of complete flags of type
ν ∈ Iα, and let F˜ν = {(x, F ) ∈ Eα ×Fν | F is strictly x-stable}. Set
GΩα = Gα ×H
Ω,
where Gα =
∏
i∈I GL(Vi) and H
Ω is the torus corresponding to the edge set Ω defined by
HΩ =
∏
a∈Ω
C
∗.
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The group Gα acts on Eα by conjugation and transitively on Fν , while H
Ω acts on Eα by
multiplication and trivially on Fν .
For ν, ν ′ ∈ Iα, we first define the Steinberg-type variety
Zν,ν′ = F˜ν ×Eα F˜ν′ ,
and then consider the convolution algebra R(α) and its polynomial representation Pol(α) as
follows:
R(α) =
⊕
ν,ν′∈Iα
H
GΩα
∗ (Zν,ν′)〈−2 dimC F˜ν〉, Pol(α) =
⊕
ν∈Iα
H∗GΩα
(F˜ν).
In Lemma 2.3, we investigate the properties of the filtration R≤wα of R(α) given in (2.2.8),
and in Lemma 2.6, using the commutative diagram (2.3.10), we compute the equivariant
Euler classes of fixed points in F˜ν and Z
sj
ν,ν′ , which will lead us to an explicit description of
the R(α)-action on Pol(α). Here, the polynomials Pi arise naturally from the computation
of the Euler classes relative to the loops. In Proposition 2.7, we show that Pol(α) is a faithful
polynomial representation and give an explicit description of R(α)-action on Pol(α). It turns
out that the cohomology ring
H = H∗HΩ(pt) ≃
⊗
a∈Ω
C[~a]
plays the role of a base ring in the definition of Khovanov-Lauda-Rouquier algebras. Using
the faithful polynomial representation Pol(α), we finally prove that R(α) is isomorphic to
the Khovanov-Lauda-Rouquier algebra R(α) (Theorem 2.8).
Furthermore, in Proposition 3.1, we investigate the relation between the category R(α)-
pmod and the full subcategory Qα of D
b
GΩα
(Eα). In Theorem 3.2 and Corollary 3.3, we show
that, when aii 6= 0 for any i, the isomorphism Φ (resp. Φ
λ) gives a 1-1 correspondence
between Kashiwara’s lower global basis (or Lusztig’s canonical basis) of U−
A
(g) (resp. VA(λ))
given in [11] and the set of isomorphism classes of indecomposable projective R-modules
(resp. indecomposable projective Rλ-modules).
1. Khovanov-Lauda-Rouquier algebras
1.1. Quantum generalized Kac-Moody algebras. Let I be an index set. A square
matrix A = (aij)i,j∈I is called a symmetrizable Borcherds-Cartan matrix if it satisfies (i)
aii = 2 or aii ∈ 2Z≤0 for i ∈ I, (ii) aij ∈ Z≤0 for i 6= j, (iii) aij = 0 if aji = 0 for i, j ∈ I,
(vi) there is a diagonal matrix D = diag(di ∈ Z>0 | i ∈ I) such that DA is symmetric. Let
Ire = {i ∈ I | aii = 2} and I
im = I \ Ire.
A symmetrizable Borcherds-Cartan datum (A,P,Π,Π∨) consists of
(1) a symmetrizable Borcherds-Cartan matrix A,
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(2) a free abelian group P, called the weight lattice,
(3) the set Π = {αi | i ∈ I} ⊂ P of simple roots,
(4) the set Π∨ = {hi | i ∈ I} ⊂ P
∨ := Hom(P,Z) of simple coroots,
which satisfy the following properties:
(i) 〈hi, αj〉 := αj(hi) = aij for all i, j ∈ I,
(ii) Π ⊂ h∗ is linearly independent, where h := C⊗Z P
∨,
(iii) for each i ∈ I, there exists Λi ∈ P such that 〈hj ,Λi〉 = δij for all j ∈ I.
We denote by P+ = {λ ∈ P | λ(hi) ∈ Z≥0, i ∈ I} the set of dominant integral weights. The
free abelian group Q =
⊕
i∈I Zαi is the root lattice, and Q
+ =
∑
i∈I Z≥0αi is the positive root
lattice. For α =
∑
i∈I kiαi ∈ Q
+, the height |α| of α is
∑
i∈I ki. There is a symmetric bilinear
form ( | ) on h∗ such that
(αi|λ) = di〈hi, λ〉 for λ ∈ h
∗, i ∈ I.
Thus we have (αi|αj) = diaij for i, j ∈ I.
Let q be an indeterminate and m,n ∈ Z≥0. For i ∈ I
re, let qi = q
di and
[n]i =
qni − q
−n
i
qi − q
−1
i
, [n]i! =
n∏
k=1
[k]i,
[
m
n
]
i
=
[m]i!
[m− n]i![n]i!
.
Definition 1.1. The quantum generalized Kac-Moody algebra Uq(g) associated with a Borcherds-
Cartan datum (A,P,Π,Π∨) is the associative algebra over C(q) with 1 generated by ei, fi
(i ∈ I) and qh (h ∈ P∨) satisfying following relations:
(1) q0 = 1, qhqh
′
= qh+h
′
for h, h′ ∈ P∨,
(2) qheiq
−h = q〈h,αi〉ei, q
hfiq
−h = q−〈h,αi〉fi for h ∈ P
∨, i ∈ I,
(3) eifj − fjei = δij
Ki −K
−1
i
qi − q
−1
i
, where Ki = q
hi
i ,
(4)
1−aij∑
k=0
(−1)k
[
1− aij
k
]
i
e
1−aij−k
i eje
k
i = 0 if i ∈ I
re and i 6= j,
(5)
1−aij∑
k=0
(−1)k
[
1− aij
k
]
i
f
1−aij−k
i fjf
k
i = 0 if i ∈ I
re and i 6= j,
(6) eiej − ejei = 0, fifj − fjfi = 0 if aij = 0.
We denote by U−q (g) the subalgebra of Uq(g) generated by the elements fi (i ∈ I). Let
us set A = Z[q, q−1] and we denote by U−
A
(g) the A-subalgebra of Uq(g) generated by f
(n)
i
(i ∈ Ire and n ∈ Z>0) and fi (i ∈ I
im).
For a dominant integral weight λ ∈ P+, let V (λ) be the irreducible highest weight Uq(g)-
module with highest weight λ and let VA(λ) denote the U
−
A
(g)-submodule of V (λ) generated
by the highest weight vector.
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1.2. Khovanov-Lauda-Rouquier algebras. For α ∈ Q+ with |α| = m, let Iα = {ν =
(ν1, . . . , νm) ∈ I
m | αν1 + · · ·+ανm = α}. The symmetric group Sm = 〈sk | k = 1, . . . ,m− 1〉
acts naturally on Iα; i.e., for w ∈ Sm and ν = (ν1, . . . , νm) ∈ I
α,
wν = (νw−1(1), . . . , νw−1(m)).(1.2.1)
Let k =
⊕
n∈Z
kn be a commutative graded ring such that kn = 0 for n < 0. The symmetric
group Sm acts on the polynomial ring k[x1, . . . , xm] by
w
(
f(x1, . . . , xm)
)
= f(xw(1), . . . , xw(m)) for w ∈ Sm and f(x1, . . . , xm) ∈ k[x1, . . . , xm].
For t = 1, . . . ,m− 1, define the operator ∂t on k[x1, . . . , xm] by
∂t(f) =
stf − f
xt − xt+1
for f ∈ k[x1, . . . , xm].
We take a matrix (Qi,j(u, v))i,j∈I in k[u, v] such that Qi,j(u, v) = Qj,i(v, u) and Qi,j(u, v)
has the form
Qi,j(u, v) =
{ ∑
p,q≥0 ti,j;p,qu
pvq if i 6= j,
0 if i = j,
where ti,j;p,q ∈ k−2(αi|αj)−2dip−2djq and ti,j;−aij ,0 ∈ k
×
0 . For each i ∈ I, we choose a polynomial
Pi(u, v) ∈ k[u, v] having the form
Pi(u, v) =
∑
p,q≥0
hi;p,qu
pvq,(1.2.2)
where hi;p,q ∈ kdi(2−aii)−2dip−2diq and hi;1− aii
2
,0, hi;0,1− aii
2
∈ k×0 .
Definition 1.2 ([9, 10]). Let (A,P,Π,Π∨) be a Borcherds-Cartan datum. For α ∈ Q+
with height m, the Khovanov-Lauda-Rouquier algebra R(α) of weight α associated with the
data (A,P,Π,Π∨), (Pi)i∈I and (Qi,j)i,j∈I is the associative graded k-algebra generated by
e(ν) (ν ∈ Iα), xk (1 ≤ k ≤ m) and rt (1 ≤ t ≤ m − 1) satisfying the following defining
relations:
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e(ν)e(ν ′) = δν,ν′e(ν),
∑
ν∈Iα
e(ν) = 1, xke(ν) = e(ν)xk, xkxl = xlxk,
rte(ν) = e(st(ν))rt, rtrs = rsrt if |t− s| > 1,
r2t e(ν) =
{
∂tPνt(xt, xt+1)rte(ν) if νt = νt+1,
Qνt,νt+1(xt, xt+1)e(ν) if νt 6= νt+1,
(rtxk − xst(k)rt)e(ν) =

−Pνt(xt, xt+1)e(ν) if k = t and νt = νt+1,
Pνt(xt, xt+1)e(ν) if k = t+ 1 and νt = νt+1,
0 otherwise,
(rt+1rtrt+1 − rtrt+1rt)e(ν)
=

Pνt(xt, xt+2)Qνt,νt+1(xt, xt+1, xt+2)e(ν) if νt = νt+2 6= νt+1,
P
′
νt(xt, xt+1, xt+2)rte(ν) + P
′′
νt(xt, xt+1, xt+2)rt+1e(ν) if νt = νt+1 = νt+2,
0 otherwise,
where
P
′
i(u, v, w) :=
Pi(v, u)Pi(u,w)
(u− v)(u− w)
+
Pi(u,w)Pi(v,w)
(u− w)(v − w)
−
Pi(u, v)Pi(v,w)
(u− v)(v − w)
,
P
′′
i (u, v, w) :=−
Pi(u, v)Pi(u,w)
(u− v)(u− w)
−
Pi(u,w)Pi(w, v)
(u− w)(v − w)
+
Pi(u, v)Pi(v,w)
(u− v)(v − w)
,
Qi,j(u, v, w) :=
Qi,j(u, v) −Qi,j(w, v)
u− w
.
For ν ∈ Iα, set xk(ν) = xke(ν) and rt(ν) = rte(ν). Then the Z-grading on R(α) is given by
deg(e(ν)) = 0, deg(xk(ν)) = 2dνk , deg(rt(ν)) = −(ανt |ανt+1).
For λ ∈ P+ and i ∈ I, let us choose a polynomial aλi (u) of the from
aλi (u) =
λ(hi)∑
k=0
cλi;ku
λ(hi)−k
where cλi;k ∈ k2dik and c
λ
i;0 = 1. We set a
λ(x) =
∑
ν∈Iα a
λ
ν1
(x1)e(ν). Then the cyclotomic
Khovanov-Lauda-Rouquier algebra Rλ(α) at α is defined to be the quotient algebra
Rλ(α) = R(α)/R(α)aλ(x)R(α).
Assume that k0 is a field. Let
K0(R) =
⊕
α∈Q+
K0(R(α)-pmod), K0(R
λ) =
⊕
α∈Q+
K0(R
λ(α)-pmod),(1.2.3)
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where K0(R(α)-pmod) (resp. K0(R
λ(α)-pmod)) is the Grothendieck group of the category
R(α)-pmod (resp. Rλ(α)-pmod) of finitely generated projective graded left R(α)-modules
(resp. finitely generated projective graded left Rλ(α)-modules). Then K0(R) (resp. K0(R
λ))
has the A-module structure induced by the Z-grading on R (resp. Rλ), where A := Z[q, q−1].
For β, β′ ∈ Q+, we define
e(β, β′) =
∑
ν∈Iβ ,ν′∈Iβ′
e(ν, ν ′) ∈ R(β + β′),
where e(ν, ν ′) is the idempotent corresponding to the concatenation of ν and ν ′. For each
i ∈ I and α, β ∈ Q+, we define the functors
Resα,β : R(α+ β)-pmod −→ R(α)⊗R(β)-pmod,
Indα,β : R(α)⊗R(β)-pmod −→ R(α+ β)-pmod
(1.2.4)
by
Resα,β(N) = e(α, β)N,
Indα,β(L) = R(α+ β)e(α, β) ⊗
R(α)⊗R(β)
L
for L ∈ R(α)⊗R(β)-pmod and N ∈ R(α+ β)-pmod. One can show that K0(R(α)-pmod)⊗A
K0(R(β)-pmod)→ K0(R(α)⊗R(β)-pmod) is an isomorphism, andK0(R) becomes a bialgebra
[10, 13].
For a Z-graded module M =
⊕
k∈ZMk and t ∈ Z, let M〈t〉 be the Z-graded module
defined by M〈t〉k = Mk+t. For each i ∈ I
re and m ≥ 0, we define the projective graded
R(mαi)-module P (i
m) to be
P (im) =
R(mαi)∑m−1
t=1 R(mαi)rt
〈m(m− 1)(αi|αi)
4
〉
.
If i ∈ I im, we define P (i) = R(αi), the regular representation. The following theorem was
proved in [10] (see also [13]).
Theorem 1.3 ([10]). (i) There exists an injective bialgebra homomorphism Φ : U−
A
(g) −→
K0(R) sending f
(m)
i to P (i
m) (i ∈ Ire) and fi to P (i) (i ∈ I
im).
(ii) If aii 6= 0 for any i ∈ I, then Φ is an isomorphism.
For a dominant integral weight λ ∈ P+, we define the functors
Eλi : R
λ(β + αi)-pmod −→ R
λ(β)-pmod,
F λi : R
λ(β)-pmod −→ Rλ(β + αi)-pmod
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by
Eλi (N) = e(β, αi)N, F
λ
i (M) = R
λ(β + αi)e(β, αi)⊗Rλ(β) M
for M ∈ Rλ(β)-pmod and N ∈ Rλ(β +αi)-pmod, respectively. Then the functors E
λ
i , F
λ
i de-
fine a UA(g)-module structure on K0(R
λ). Let VA(λ) be the A-form of the irreducible highest
weight Uq(g)-module V (λ). The following generalized version of cyclotomic categorification
conjecture was proved in [9].
Theorem 1.4 ([8, 9]). If aii 6= 0 for any i ∈ I, then there exists a UA(g)-module isomorphism
Φλ : VA(λ)
∼
−→ K0(R
λ).
In this paper, in order to give a geometric realization of R(α), we assume that A is sym-
metric.
Then, we can take di = 1 and (αi|αj) = aij for i 6= j ∈ I. Set li = 1− aii/2 for i ∈ I and
choose non-negative integers hij such that aij = −hij−hji for i 6= j ∈ I. Let Λi,j (i, j ∈ I) be
an index set of hi,j elements for i 6= j and of li elements for i = j. We set Λ =
⊔
i,j∈I Λi,j. Let
H be the polynomial ring over C generated by indeterminates ~a (a ∈ Λ) with deg(~a) = 2;
i.e.,
H ≃
⊗
a∈Λ
C[~a].(1.2.5)
We take H as the base ring k and consider the specially chosen polynomials Pi(u, v) and
Qi,j(u, v) in H[u, v] given as follows:
(1.2.6)
Pi(u, v) =
∏
a∈Λi,i
(u− v + ~a),
Qi,j(u, v) =
{
0 if i = j,∏
a∈Λi,j
(v − u+ ~a)
∏
a∈Λj,i
(u− v + ~a) if i 6= j.
In this case, the algebras R(α) has another Z-grading given as follows:
deg(e(ν)) = 0, deg(xk(ν)) = 2, deg(rl(ν)) =
{
2(lνl − 1) if νl = νl+1,
2hνl,νl+1 if νl 6= νl+1.
(1.2.7)
We now construct a faithful graded polynomial representation of R(α) associated with A,
(1.2.6) and (1.2.7). Set
Pol(α) =
⊕
ν∈Iα
H[x1(ν), . . . , xm(ν)].
with deg(xk(ν)) = 2. For f ∈ H[x1, . . . , xm], we denote by f(ν) the element f(x1(ν), . . . , xm(ν)) ∈
H[x1(ν), . . . , xm(ν)].
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Then the following proposition is proved in [10, 13, 18].
Proposition 1.5. The algebra Pol(α) has a graded R(α)-module structure as follows: for
ν = (ν1, . . . , νm), ν
′ ∈ Iα and f ∈ H[x1, . . . , xm],
(1.2.8)
e(ν) · f(ν ′) = δν,ν′f(ν),
xk(ν) · f(ν
′) = δν,ν′xk(ν)f(ν),
rl(ν) · f(ν
′) =

0 if ν 6= ν ′,(∏
a∈Λνl,νl+1
(xl(slν)− xl+1(slν) + ~a)
)
(slf)(slν) if ν = ν
′, slν 6= ν,(∏
a∈Λνl,νl
(xl(ν)− xl+1(ν) + ~a)
)
(∂lf)(ν) if ν = ν
′, slν = ν.
Moreover, Pol(α) is a faithful R(α)-module.
2. Geometric realization
In this section, we give a geometric realization of R(α). We first construct the Steinberg-
type variety Zν,ν′ out of a given locally finite quiver. We then investigate the convolution
algebra R(α) =
⊕
ν,ν′∈Iα H
GΩα
∗ (Zν,ν′)〈−2 dimC F˜ν〉 arising from Zν,ν′ and show that the al-
gebra R(α) is isomorphic to the Khovanov-Lauda-Rouquier algebra R(α) using the faithful
representations Pol(α) and Pol(α) given in Proposition 1.5 and Proposition 2.7.
2.1. Quiver representation varieties. Let Q = (I,Ω) be an arbitrary locally finite quiver
with a vertex set I and an oriented edge set Ω. For a ∈ Ω, let in(a) (resp. out(a)) denote the
incoming vertex (resp. the outgoing vertex) of a. For i, j, k ∈ I with j 6= k, let
Ωi,j = {a ∈ Ω | out(a) = i, in(a) = j},
ℓi = #Ωi,i and hj,k = #Ωj,k.
Let Uq(g) be the quantum generalized Kac-Moody algebra associated with the Borcherds-
Cartan matrix A = (aij)i,j∈I defined by
aii = 2− 2ℓi, ajk = −hjk − hkj
for i, j, k ∈ I with j 6= k. Note that Ire = {i ∈ I | ℓi = 0}, I
im = {i ∈ I | ℓi 6= 0}.
Define the torus HΩ corresponding to the oriented edge set Ω by
HΩ =
∏
a∈Ω
C
∗
and denote its Lie algebra by hΩ.
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Let α ∈ Q+ and let m = |α|. Fix an I-graded C-vector space Vα =
⊕
i∈I Vi with dimVα :=∑
i∈I(dimVi)αi = α. Let Gi = GL(Vi) (i ∈ I) and Gα =
∏
i∈I GL(Vi). We denote by
gα =
⊕
i∈I gl(Vi) the Lie algebra of Gα and identify gα with its dual g
∗
α via
∑
i∈I trVi . Let
GΩα = Gα ×H
Ω.
We define the quiver representation variety to be
Eα =
⊕
a∈Ω
Hom(Vout(a), Vin(a)).
The group GΩα acts on Eα by
(g, t) · x =
(
ta(gin(a)xag
−1
out(a))
)
a∈Ω
(2.1.1)
for x = (xa)a∈Ω ∈ Eα and (g, t) = ((gi)i∈I , (ta)a∈Ω) ∈ G
Ω
α .
For ν = (ν1, . . . , νm) ∈ I
α, let
Fν =
{
F = (0 =F0 ⊂ F1 ⊂ · · · ⊂ Fm = Vα)
| Fk is I-graded and dim(Fk/Fk−1) = ανk for k = 1, . . . ,m
}
be the variety of complete flags of type ν and set Fα =
⊔
ν∈Iα Fν . For a vector space W , we
denote by F(W ) the variety consisting of complete flags of W . Then there is an isomorphism
Fν
∼
−→
∏
i∈I
F(Vi), F 7→ (
iE)i∈I ,(2.1.2)
where iEk = Vi ∩ Fk for k = 1, . . . ,m and
iE = (0 = iE0 ⊂
iE1 ⊂ · · · ⊂
iEm = Vi) ∈ F(Vi)
for i ∈ I. The group Gα acts transitively on Fν and
∏
i∈I F(Vi), and H
Ω acts trivially on
them, so that the isomorphism (2.1.2) is GΩα -equivariant.
For x ∈ Eα and F = (0 = F0 ⊂ F1 ⊂ · · · ⊂ Fm) ∈ Fν is said to be strictly x-stable if
xa(Fk ∩ Vout(a)) ⊂ Fk−1 ∩ Vin(a) for all a ∈ Ω and k = 1, . . . ,m. Let
F˜ν = {(x, F ) ∈ Eα ×Fν | F is strictly x-stable}
and let F˜α =
⊔
ν∈Iα F˜ν . Then G
Ω
α acts diagonally on F˜ν and F˜ν is a G
Ω
α -equivariant vector
bundle over Fν .
Let us consider the following maps
F˜ν
πν
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦ pν
  
❆❆
❆❆
❆❆
❆❆
Eα Fν
(2.1.3)
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defined by πν(x, F ) = x and pν(x, F ) = F for (x, F ) ∈ F˜ν . Both of the maps πν and pν are
GΩα -equivariant and πν is projective. For ν, ν
′ ∈ Iα, we define the Steinberg-type variety
Zν,ν′ = F˜ν ×Eα F˜ν′
≃ {(x, F, F ′) ∈ Eα ×Fν ×Fν′ | (x, F ) ∈ F˜ν , (x, F
′) ∈ F˜ν′},
and let Zα =
⊔
ν,ν′∈Iα Zν,ν′ . Consider the map
qν,ν′ : Zν,ν′ −→ Fν ×Fν′(2.1.4)
defined by qν,ν′(x, F, F
′) = (F,F ′) for (x, F, F ′) ∈ Zν,ν′ , and set
qα :=
⊔
ν,ν′∈Iα
qν,ν′ : Zα −→ Fα ×Fα.(2.1.5)
Then the map qν,ν′ is a G
Ω
α -equivariant morphism.
From now on, we fix ν◦ = (ν◦1 , . . . , ν
◦
m) ∈ I
α and F ◦ ∈ Fν◦ . Set G = GL(Vα) and let B
be the stabilizer of F ◦ in G. Then B and Bα := B ∩ Gα are Borel subgroups of G and Gα,
respectively. Take a maximal torus T of Bα and let
TΩ = T×HΩ.
We denote by g (resp. b, bα, t) the Lie algebra of G (resp. B, Bα, T).
There exist 1-dimensional T-submodules F1, . . . , Fm of Vα such that
F ◦ = (0 ⊂ F1 ⊂ F1 ⊕ F2 ⊂ · · · ⊂ F1 ⊕ · · · ⊕ Fm = Vα).(2.1.6)
Note that Fk ⊂ Vν◦
k
for k = 1, . . . ,m. For w,w′ ∈ Sm, set νw = (ν
◦
w(1), . . . , ν
◦
w(m)) and
Fw = (0 ⊂ Fw(1) ⊂ Fw(1) ⊕ Fw(2) ⊂ · · · ⊂ Fw(1) ⊕ · · · ⊕ Fw(m) = Vα) ∈ Fνw ,(2.1.7)
Fw,w′ = (Fw, Fw′) ∈ Fνw ×Fνw′ .(2.1.8)
Let Bα,w be the stabilizer of Fw in Gα. Let W and Wα be the Weyl group of the pair (G,T)
and (Gα,T), respectively. We identify W with the symmetric group Sm via w · Fk = Fw(k)
for w ∈ W and k = 1, . . . ,m; i.e., w · F ◦ = Fw. Note that wνw′ = νw′w−1 for w,w
′ ∈ W by
(1.2.1). The quotient set Wα\W is in 1-1 correspondence with I
α via the map sending w to
νw.
For w ∈W, set
ew = {x ∈ Eα | Fw is strictly x-stable} ≃ p
−1
νw
(Fw).(2.1.9)
By the definition, we have
ew = {x ∈ Eα | x(Fw(k)) ⊂ Fw(1) ⊕ · · · ⊕ Fw(k−1) for 1 ≤ k ≤ m}
≃
⊕
m≥k>k′≥1
Hom(Fw(k),Fw(k′))
⊕Ω(νw)k,(νw)k′ .(2.1.10)
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Similarly, the Lie algebra bα,w of Bα,w is calculated as
bα,w = {x ∈
⊕
i∈I
End(Vi) | x(Fw(k)) ⊂ Fw(1) ⊕ · · · ⊕ Fw(k) for 1 ≤ k ≤ m)}
≃
⊕
m≥k≥k′≥1,
(νw)k=(νw)k′
Hom(Fw(k),Fw(k′)).(2.1.11)
For w ∈W and ν, ν ′ ∈ Iα, we define
Owα = G · Fe,w ∩ (Fα ×Fα), O
w
α = the closure of O
w
α in Fα ×Fα,
Owν,ν′ = O
w
α ∩ (Fν ×Fν′), O
w
ν,ν′ = O
w
α ∩ (Fν ×Fν′).
Note that we have a Bruhat decomposition Fα × Fα =
⊔
w∈WO
w
α . For w,w
′, w′′ ∈ W, we
abbreviate
Oww′,w′′ = O
w
νw′ ,νw′′
, O
w
w′,w′′ = O
w
νw′ ,νw′′
.
Lemma 2.1. Let w ∈W, ν, ν ′ ∈ Iα and let si ∈W be a simple reflection.
(i) The set of elements of Owα fixed under the diagonal action of T is {Fu,uw | u ∈W}.
(ii) If ν ′ 6= w−1ν, then O
w
ν,ν′ = ∅.
(iii) We have
O
si
α =
⊔
ν∈Iα
{(F,F ′) ∈ Fν ×Fsiν | Fk = F
′
k for any k 6= i}.
In particular, O
si
ν,siν
is smooth and dimCO
si
ν,siν
= dimCFν + δν,siν.
(iv) If ν = siν, then O
si
ν,ν = O
si
ν,ν ∪O
e
ν,ν, and the first and the second projections O
si
ν,ν → Fν
are P1-bundles.
(v) If ν 6= siν, then O
si
ν,siν
= Osiν,siν and O
si
ν,ν = ∅. Moreover the projections O
si
ν,siν
→ Fν
and O
si
ν,siν
→ Fsiν are isomorphisms.
(vi) If w−1ν = ν ′, then Owν,ν′ is a Gα-orbit and it is an affine fibration over Fν with fiber
being isomorphic to the affine space Bα,u · Fuw for u ∈W such that ν = νu.
Proof. We shall only prove (ii) and (vi), since the other assertions are easily proved (see [20,
Lemma 2.6]). Since Owν,ν′ is Gα-invariant, O
w
ν,ν′ is a union of Gα-orbits, and any Gα-orbit of
Fα ×Fα contains a T-fixed point.
We first show the assertion (ii). Suppose that w−1ν 6= ν ′. If O
w
ν,ν′ is not empty, then O
w
ν,ν′
contains a T-fixed point Fu,uw for some u ∈W . Then we have ν = νu and ν
′ = νuw = w
−1νu,
which is a contradiction.
Now consider the case w−1ν = ν ′. Choose a T-fixed point Fu,uw ∈ O
w
ν,ν′ for some u ∈ W .
Then ν = νu and ν
′ = νuw. If we take another T-fixed point Fu′,u′w ∈ O
w
ν,ν′ , then there is an
element v ∈Wα such that
v · Fu = Fvu = Fu′ ,
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which yields Fu′,u′w = v · Fu,uw ∈ Gα · Fu,uw. Therefore,
Owν,ν′ = Gα · Fu,uw.
Let φwν,ν′ : O
w
ν,ν′ → Fν be the map defined by φ
w
ν,ν′(F,F
′) = F for (F,F ′) ∈ Owν,ν′ . Then
φwν,ν′ is surjective since φ
w
ν,ν′ is Gα-equivariant, and the fiber of g · Fu is given as follows:
φwν,ν′
−1(g · Fu) = g · {(Fu, F
′) | F ′ ∈ Bα,u · Fuw}
≃ Bα,u · Fuw.
Since Bα,u · Fuw is an affine space [4], we obtain (vi). 
2.2. The convolution algebra. For a given quasi-projective variety X over C with an
action of a complex linear algebraic group G, let DbG(X) be the bounded G-equivariant
derived category of sheaves of C-vector spaces on X. Let CX be the constant sheaf on X and
let ̟X ∈ D
b
G(X) be the G-equivariant dualizing complex. For any complex L ∈ D
b
G(X), let
HkG(X,L) = HomDbG(X)
(CX ,L[k]), where [·] is the translation functor. For k ∈ Z, define
HGk (X) = H
k
G(X,̟X ), H
G
∗ (X) =
⊕
k∈Z
HGk (X)
and
HkG(X) = H
k
G(X,CX), H
∗
G(X) =
⊕
k∈Z
HkG(X).
Note that, if X →֒M is a closed embedding into a smooth varietyM , then we have HGk (X) =
Hk+2dimCMG (M,M \X). The graded module H
∗
G(X) has a graded ring structure and H
G
∗ (X)
has a graded H∗G(X)-module structure. We refer to [2, 3, 5] for more details on equivariant
cohomologies.
We now return to our setting. Let H be the ring given by
H = H∗HΩ(pt) ≃
⊗
a∈Ω
C[~a],
where ~a ∈ H
∗
HΩ
(pt) corresponds to the one-dimensional representation of the a-th factor C∗
of HΩ. This will play the role of the base ring given in (1.2.5). Let S be the ring defined by
S = H∗GΩα
(pt) ≃ H⊗H∗Gα(pt).(2.2.1)
For ν, ν ′ ∈ Iα, we define
(2.2.2)
Rν,ν′ :=H
GΩα
∗ (Zν,ν′)〈−2 dimC F˜ν〉, R(α) :=
⊕
ν,ν′∈Iα
Rν,ν′ ,
Polν :=H
∗
GΩα
(F˜ν), Pol(α) :=H
∗
GΩα
(F˜α) ≃
⊕
ν∈Iα
Polν .
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For k = 1, . . . ,m, let χk ∈ t
∗ be the weight of the t-module induced from the T-module Fk
given in (2.1.6) by differentiation. Then we have
H∗TΩ(pt) ≃H⊗H
∗
T(pt) ≃ H[χ1, . . . , χm].(2.2.3)
For ν ∈ Iα, we denote by Lν,k the G
Ω
α -equivariant line bundle on Fν assigning Fk/Fk−1 to
a flag 0 = F0 ⊂ F1 ⊂ · · · ⊂ Fm = V in Fν . Let χk(ν) be the G
Ω
α -equivariant first Chern class
c1(p
∗
νLν,k) ∈ H
2
GΩα
(F˜ν). For any w ∈W such that ν = νw, we have isomorphisms
H∗GΩα
(F˜ν) ≃ H
∗
GΩα
(Fν) ≃ H
∗
GΩα
(
GΩα/(Bα,w ×H
Ω)
)
≃ H∗TΩ(pt).
Moreover we see that
the composition of these isomorphisms coincides with the composition
H∗GΩα
(F˜ν)→ H
∗
TΩ(F˜ν)→ H
∗
TΩ({(0, Fw)}) ≃ H
∗
TΩ(pt) ≃ H[χ1, . . . , χm],
and it sends χk(ν) to χw(k).
(2.2.4)
The last assertion follows from the fact that the stalk of p∗νLν,k at (0, Fw) ∈ F˜ν is isomorphic
to Fw(k) as a T
Ω-module.
Therefore, we have
Polν = H
∗
GΩα
(F˜ν) ≃ H[χ1(ν), . . . , χm(ν)](2.2.5)
as an algebra, and
Pol(α) =
⊕
ν∈Iα
H∗GΩα
(F˜ν) ≃
⊕
ν∈Iα
H[χ1(ν), . . . , χm(ν)].
For ν, ν ′, ν ′′ ∈ Iα, let pν,ν′ (resp. pν′,ν′′ , pν,ν′′) be the natural projection from F˜ν×F˜ν′×F˜ν′′
to F˜ν×F˜ν′ (resp. F˜ν′×F˜ν′′ , F˜ν×F˜ν′′). Since p
−1
ν,ν′(Zν,ν′)∩p
−1
ν′,ν′′(Zν′,ν′′) ≃ F˜ν×Eα F˜ν′×Eα F˜ν′′ ,
the restriction of the natural projection
pν,ν′′ : p
−1
ν,ν′(Zν,ν′) ∩ p
−1
ν′,ν′′(Zν′,ν′′) −→ Zν,ν′′
is proper. Hence, for c1 ∈ H
GΩα
p (Zν,ν′) and c2 ∈ H
GΩα
q (Zν′,ν′′), the convolution product
⋆ : HG
Ω
α
p (Zν,ν′)×H
GΩα
q (Zν′,ν′′)→ H
GΩα
p+q+2dimC F˜ν′
(Zν,ν′′)
is defined by
(2.2.6) c1 ⋆ c2 = (pν,ν′′)∗(p
∗
ν,ν′(c1) ∩ p
∗
ν′,ν′′(c2)),
where ∩ is the intersection pairing [5]. Then R(α) becomes an associative graded H-algebra
with the convolution product ⋆. Moreover Pol(α) has the graded R(α)-module structure
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arising from the convolution product:
HG
Ω
α
p (Zν,ν′)⊗H
q
GΩα
(F˜ν′) → H
GΩα
p (Zν,ν′)⊗H
q
GΩα
(Zν,ν′)
→ H
GΩα
p+q(Zν,ν′)→ H
GΩα
p+q(F˜ν) ≃ H
p+q+2dimC F˜ν
GΩα
(F˜ν).
Here, the first arrow is the pull-back by the projection Zν,ν′ → F˜ν′ , the second arrow is the
multiplication and the last arrow is the push-forward by the proper map Zν,ν′ → F˜ν .
Recall the maps qν,ν′ : Zν,ν′ → Fν × Fν′ and qα : Zα → Fα × Fα given in (2.1.4) and
(2.1.5). For w ∈W and ν, ν ′ ∈ Iα, we define
(2.2.7)
Zwα = q
−1
α (Owα ), Z
≤w
α =
⋃
w′≤w
Zw
′
α ,
Zwν,ν′ = Z
w
α ∩ Zν,ν′ , Z
≤w
ν,ν′ = Z
≤w
α ∩ Zν,ν′ ,
where q−1α (Owα ) is the closure in Zα. Note that Z
≤w
α =
⋃
w′≤w q
−1
α (O
w′
α ) is a closed G
Ω
α -
subvariety.
Lemma 2.2. For ν, ν ′ ∈ Iα w ∈W and j = 1, . . . ,m− 1, we have
(i) If ν ′ 6= w−1ν, then Zwν,ν′ = ∅. If ν
′ = w−1ν, then Zwν,ν′ is an irreducible variety.
(ii) Z
sj
α = {(x, F, F ′) ∈ Eα ×Fα ×Fα
| Fk = F
′
k for k 6= j, xFk ⊂ Fk−1 for k 6= j, j + 1 and xFj+1 ⊂ Fj−1}.
(iii) Z
sj
α is a smooth variety.
Proof. (i) follows immediately from Lemma 2.1 (ii) and the fact that q−1α (O
w
α ) → O
w
α is a
vector bundle.
Let us show (ii). The right-hand side is a vector bundle over O
sj
α by Lemma 2.1 (iii). Since
Fj ∩ F
′
j = Fj−1 for (F,F
′) ∈ O
sj
α , q−1α O
sj
α is an open dense subset of the right-hand side of
(ii).
(iii) follows immediately from (ii). 
For w ∈W and ν, ν ′ ∈ Iα, let
R
≤w
ν,ν′ = H
GΩα
∗ (Z
≤w
ν,ν′)〈−2 dimC F˜ν〉, R
≤w
α =
⊕
ν,ν′∈Iα
R
≤w
ν,ν′ .(2.2.8)
For w ∈W, we denote by [Zwα ] =
∑
ν,ν′ [Z
w
ν,ν′ ] the class in R
≤w
α arising from Z
w
α =
⊔
ν,ν′ Z
w
ν,ν′ .
The convolution ⋆ gives a left R≤eα -module structure on the space R
≤w
α . Using Z
≤e
ν,ν ≃ F˜ν ,
the isomorphism (2.2.5) yields
(2.2.9) H
GΩα
∗ (Z
≤e
ν,ν)〈−2 dimC F˜ν〉 ≃ H
∗
GΩα
(Z≤eν,ν) ≃ H
∗
GΩα
(F˜ν) ≃ H[χ1(ν), . . . , χm(ν)].
16 SEOK-JIN KANG, MASAKI KASHIWARA, AND EUIYONG PARK
Let κk(ν) ∈ H
∗
GΩα
(Z≤eν,ν) be the image of χk(ν) under the isomorphism (2.2.9) for k = 1, . . . ,m.
Then we have
(2.2.10) R
≤e
α ≃
⊕
ν∈Iα
H∗GΩα
(Z≤eν,ν) ≃
⊕
ν∈Iα
H[κ1(ν), . . . ,κm(ν)]
as an algebra.
The following lemma will play an important role in proving our main result.
Lemma 2.3.
(i) The closed embedding Z≤wα →֒ Zα induces an injective graded R
≤e
α -bimodule homomor-
phism R≤wα →֒ R(α).
(ii) For w ∈W, R≤wα is a free R
≤e
α -module of rank #{w
′ ∈W | w′ ≤ w} and
R≤wα =
⊕
w′≤w
R≤eα ⋆ [Z
w′
α ].
(iii) If ℓ(sjw) = ℓ(w) + 1, we have
[Z
sj
α ] ⋆ [Z
w
α ] = [Z
sjw
α ] in R
≤sjw
α /R
<sjw
α ,
where R<uα :=
∑
u′<uR
≤u′
α for u ∈W.
Proof. Since (i) is a consequence of (ii), we first prove (ii). Let ℓ = #{w′ ∈W | w′ ≤ w}. We
give a total order ≺ on {w′ ∈W | w′ ≤ w} by
e = w1 ≺ · · · ≺ wk ≺ wk+1 ≺ · · · ≺ wℓ = w
such that ℓ(wk+1) = ℓ(wk) or ℓ(wk+1) = ℓ(wk) + 1 for all k. Set
Zk =
⋃
i≤k
Zwiα for k = 1, . . . , ℓ.
Then Zk is a closed subset of Zα. Since Z
≤w
α = Z
ℓ, it suffices to show that
H
GΩα
∗ (Z
k) =
⊕
k′≤k
R≤eα ⋆ [Z
wk′
α ], H
GΩα
2t+1(Z
k) = 0 for all k = 1, . . . , ℓ.
We use induction on k. Assume k = 1. Since deg(κk(ν)) = 2 for k = 1, . . . ,m and ν ∈ I
α,
(2.2.10) implies
H
GΩα
∗ (Z
1) = R≤eα ⋆ [Z
e
α], H
GΩα
2t+1(Z
1) = 0 for t ∈ Z.
Suppose k > 1. By the induction hypothesis, we have
H
GΩα
∗ (Z
k−1) =
⊕
k′≤k−1
R≤eα ⋆ [Z
wk′
α ], H
GΩα
2t+1(Z
k−1) = 0 for t ∈ Z.(2.2.11)
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Let qk = qα|Zk : Z
k → Fα ×Fα and consider the following diagram:
· · · 

// Zk−1
qk−1
%%▲
▲▲
▲▲
▲▲
▲▲
▲
  // Zk
qk

  // Zk+1
qk+1
yyrr
rr
rr
rr
rr
  // · · ·
Fα ×Fα
pr1

Fα
.
Here, pr1 : Fα×Fα → Fα is the natural projection onto the first factor. Since O
wk
α ⊂ im(qk),
we have the surjective maps given below
q−1k (O
wk
w′,w′wk
)
qk
// // Owkw′,w′wk
pr1
// // Fνw′ for w
′ ∈Wα\W.
By Lemma 2.1 (vi), the map q−1k (O
wk
w′,w′wk
) → Fνw′ is locally trivial with contractible fiber,
and hence we have that
(2.2.12)
H
GΩα
∗ (q
−1
k (O
wk
w′,w′wk
)) ≃ H∗GΩα
(Fνw′ )〈2 dimC Z
wk
νw′ ,νw′wk
〉
≃ H[χ1(νw′), . . . , χm(νw′)]〈2 dimCZ
wk
νw′ ,νw′wk
〉.
Note that q−1k (O
wk
w′,w′wk
) is a dense open smooth subset of Zwkνw′ ,νw′wk
. Since Zk \ Zk−1 =
q−1k (O
wk
α ), we get a long exact sequence ([5, (2.6.10)])
· · · // H
GΩα
i (Z
k−1) // H
GΩα
i (Z
k) // H
GΩα
i (q
−1
k (O
wk
α )) // H
GΩα
i+1(Z
k−1) // · · ·
for all i ∈ Z. Since H
GΩα
2t+1(Z
k−1) = H
GΩα
2t+1(q
−1
k (O
wk
α )) = 0 for any t ∈ Z by (2.2.11) and
(2.2.12), the following sequence is exact:
0 // H
GΩα
∗ (Z
k−1) // H
GΩα
∗ (Z
k) // H
GΩα
∗ (q
−1
k (O
wk
α ))
// 0 .(2.2.13)
By the isomorphisms (2.2.10) and (2.2.12), we conclude that H
GΩα
∗ (q
−1
k (O
wk
α )) is a free R
≤e
α -
module generated by the image of [Zwkα ] ∈ H
GΩα
∗ (Z
k). Hence the short exact sequence
(2.2.13) splits and
H
GΩα
∗ (Z
k) = H
GΩα
∗ (Z
k−1)⊕R≤eα ⋆ [Z
wk
α ], H
GΩα
2t+1(Z
k) = 0.
Hence the induction proceeds by (2.2.11) and we complete the proof of (ii).
We now proceed to prove the assertion (iii). For k, k′ = 1, 2, 3, let pk,k′ : F˜α × F˜α ×
F˜α → F˜α×F˜α be the projection given by
(
(x1, F1), (x2, F2), (x3, F3)
)
7→
(
(xk, Fk), (xk′ , Fk′)
)
.
Combining the assertion (ii) with the inclusion
p−112 (Z
sj
α ) ∩ p
−1
23 (Z
w
α ) ⊂ p
−1
12 q
−1
α (O
sj
α ) ∩ p
−1
23 q
−1
α (O
w
α ) ⊂ p
−1
13 q
−1
α (O
sjw
α ) ⊂ p
−1
13 (Z
≤sjw
α ),
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we have
[Z
sj
α ] ⋆ [Z
w
α ] = c ⋆ [Z
sjw
α ] +
∑
w′<sjw
cw′ ⋆ [Z
w′
α ](2.2.14)
for c, cw′ ∈ R
≤e
α . To prove (3), it suffices to show c = 1.
For k, k′ = 1, 2, 3, let pˇk,k′ : Fα × Fα × Fα → Fα × Fα be the natural projection given
by (F1, F2, F3) 7→ (Fk, Fk′). Then it is known that ℓ(sjw) = ℓ(w) + 1 implies the following
consequences:
(a) pˇ−112 (O
sj
u,usj
)∩pˇ−123 (O
w
usj ,usjw
)∩pˇ−113 (O
sjw
u,usjw) = pˇ
−1
12 (O
sj
u,usj)∩pˇ
−1
23 (O
w
usj ,usjw
),
(b) pˇ−112 (O
sj
u,usj ) and pˇ
−1
23 (O
w
usj ,usjw
) intersect transversally,
(c) The projection pˇ13 induces an isomorphism
pˇ−112 (O
sj
u,usj) ∩ pˇ
−1
23 (O
w
usj ,usjw
) ∼−−→O
sjw
u,usjw.
(2.2.15)
Let us set
◦
Zuu′,u′′ = q
−1
α (O
u
u′,u′′) and
◦
Zuα = q
−1
α (O
u
α) for u, u
′, u′′ ∈W.
Then, (2.2.15) (a) implies
p−112 (Z
sj
α ) ∩ p
−1
23 (Z
w
α ) ∩ p
−1
13 (
◦
Z
sjw
α ) = p
−1
12 (
◦
Z
sj
α ) ∩ p
−1
23 (
◦
Zwα ).(2.2.16)
Note that p−112 (
◦
Z
sj
α ) (resp. p
−1
23 (
◦
Zwα )) is a smooth dense open subset of p
−1
12 (Z
sj
α ) (resp.
p−123 (Z
w
α )). Hence, by (2.2.13), (iii) is reduced to(a) p13 induces an isomorphism p
−1
12 (
◦
Z
sj
u,usj)∩p
−1
23 (
◦
Zwusj ,usjw)
∼−−→
◦
Z
sjw
u,usjw.
(b) p−112 (
◦
Z
sj
u,usj) and p
−1
23 (
◦
Zwusj ,usjw) intersect transversally.
(2.2.17)
Let us show first (2.2.17) (a). By using (2.2.15), it is enough to show that if F1 and F3
are strictly x-stable, then F2 is strictly x stable for x ∈ Eα and (F1, F2, F3) ∈ pˇ
−1
12 (O
sj
u,usj) ∩
pˇ−123 (O
w
usj ,usjw
). Since pˇ−112 (O
sj
u,usj) ∩ pˇ
−1
23 (O
w
usj ,usjw
) ≃ O
sjw
u,usjw is a Gα-orbit, we may assume
that (F1, F2, F3) = (Fu, Fusj , Fusjw).
Since x is nilpotent, it is enough to show that x(F2)k ⊂ (F2)k for all k. We have (F2)k =
(F1)k for k 6= j, j + 1. It is therefore obvious that x(F2)k ⊂ (F2)k for k 6= j, j + 1. We have
(F2)j = (F2)j−1 + Fu(j+1), which implies that x(F2)j ⊂ x(F1)j−1 + xFu(j+1). Since Fu(j+1) ⊂
(F1)j+1∩(Fusjw)w−1(j), we have xFu(j+1) ⊂ (F1)j∩(Fusjw)w−1(j). On the other hand, we have
(F1)j = (F1)j−1 + Fuj and Fuj ∩ (Fusjw)w−1(j) = Fusjw(w−1(j+1)) ∩ (Fuwsj )w−1(j) = 0 because
w−1(j + 1) > w−1(j) by the assumption sjw > w. It implies that (F1)j ∩ (Fusjw)w−1(j) ⊂
(F1)j−1. Hence we have x(F2)j ⊂ (F2)j−1.
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We have (F2)j+1 = (F2)j + Fu(j) ⊂ (F2)j + (F1)j . Hence x(F2)j+1 ⊂ x(F2)j + x(F1)j ⊂
(F2)j−1. Hence we complete the proof of (2.2.17) (a).
Let us show (2.2.17) (b). Since pˇ−112 (O
sj
u,usj) and pˇ
−1
23 (O
w
usj ,usjw
) intersect transversally, it is
enough to show that the fiber of p−11,2(
◦
Z
sj
u,usj)→ pˇ
−1
1,2(O
sj
u,usj) and the fiber of p
−1
2,3(
◦
Zwusj ,usjw)→
pˇ−12,3(O
w
usj ,usjw
) intersect transversally.
Let T 1,2 (resp. T 2,3) be the fiber of p−11,2(
◦
Z
sj
u,usj) → pˇ
−1
1,2(O
sj
u,usj) (resp. p
−1
2,3(
◦
Zwusj ,usjw) →
pˇ−12,3(O
w
usj ,usjw
)) at (Fu, Fusj , Fusjw). We will show that T
1,2 and T 2,3 intersect transversally.
Recall that ev is the fiber of F˜α → Fα at Fv for v ∈W (see (2.1.9)). Set E1 = eu, E2 = eusj
and E3 = eusjw. Then we have
T 1,2 = {(v1, v2, v3) ∈ E1 ⊕ E2 ⊕ E3 | v1 = v2},
T 2,3 = {(v1, v2, v3) ∈ E1 ⊕ E2 ⊕ E3 | v2 = v3}.
In order to see that T 1,2 and T 2,3 intersect transversally in E1 ⊕ E2 ⊕ E3, it is enough to
show that
E2 = (E1 ∩ E2) + (E2 ∩E3).(2.2.18)
Set A(w) = {(k, k′) | 1 ≤ k, k′ ≤ m and w−1(k) > w−1(k′)}, and A1 = A(u), A2 = A(usj)
and A3 = A(usjw). Then we have Es =
⊕
(k,k′)∈As
Hom(Fk,Fk′)
Ων◦
k
,ν◦
k′ for s = 1, 2, 3. Hence we
have reduced (2.2.18) to
A2 ⊂ A1 ∪A3,
which immediately follows from A2 \A1 = {(u(j), u(j + 1))} and (u(j), u(j + 1)) ∈ A3. Here
the last statement is a consequence of w−1(j + 1) > w−1(j). This completes the proof of
(2.2.17) (b). 
We now choose a set of generators of the convolution algebra R(α). By Lemma 2.3 and
(2.2.10), we have an injective homomorphism
R≤eα ≃
⊕
ν∈IαH[κ1(ν), . . . ,κm(ν)]
  // R(α).(2.2.19)
For ν ∈ Iα, we define
(2.2.20) e(ν) = [Zeν,ν ] = the image of 1 in H[κ1(ν), . . . ,κm(ν)] under (2.2.19),
For ν ∈ Iα and j = 1, . . . ,m− 1, let τ˜j = [Z
sj
α ] ∈ R(α) and set
(2.2.21) τj(ν) = [Z
sj
sjν,ν ] = e(sjν) ⋆ τ˜j ⋆ e(ν) = e(sjν) ⋆ τ˜j = τ˜j ⋆ e(ν).
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Lemma 2.4. For ν = (ν1, . . . , νm) ∈ I
α, we have
e(ν) ∈ H
GΩα
dν
(Zν,ν), κi(ν) ∈ H
GΩα
dν+2
(Zν,ν), τj(ν) ∈ H
GΩα
dsjν+tν,j
(Zsjν,ν),
where dν = −2 dimC F˜ν and tν,j =
{
2(ℓνj − 1) if νj = νj+1,
2hνj ,νj+1 if νj 6= νj+1.
Proof. It follows directly from (2.2.20) that e(ν) ∈ H
GΩα
dν
(Zν,ν) and κi(ν) ∈ H
GΩα
dν+2
(Zν,ν). We
focus on the assertion τj(ν) ∈ H
GΩα
dsjν+tν,j
(Zsjν,ν). Set
◦
Z := q−1sjν,ν(O
sj
sjν,ν).
Since
◦
Z is a dense open subset of Z
sj
sjν,ν , it suffices to show that
dimC
◦
Z =
dimC F˜ν − ℓνj + 1 if νj = νj+1,dimC F˜sjν − hνj ,νj+1 if νj 6= νj+1.
By (2.1.10), we have
dimC F˜sjν = dimCFsjν +
∑
k>k′
#Ω(sjν)k ,(sjν)k′ .(2.2.22)
We now consider the following maps
◦
Z
qsjν,ν
−→ O
sj
sjν,ν
pr1−→ Fsjν ,(2.2.23)
where pr1 is the first projection. The fiber of the vector bundle
◦
Z −→ O
sj
wsj ,w is isomorphic
to ewsj ∩ ew, and (2.1.10) implies that its dimension is equal to∑
k>k′, (k,k′)6=(j+1,j)
#Ω(sjν)k,(sjν)k′ .(2.2.24)
Hence we have
dimC
◦
Z = dimCO
sj
sjν,ν +
∑
k>k′, (k,k′)6=(j+1,j)
#Ω(sjν)k,(sjν)k′
Together with (2.2.22) we obtain
dimC
◦
Z − dimC F˜sjν = dimCO
sj
sjν,ν − dimCFsjν −#Ω(sjν)j+1,(sjν)j .
Hence our claim follows from the fact
dimCO
sj
sjν,ν = dimC Fsjν + δsjν,ν
in Lemma 2.1 (iii). 
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2.3. Localization. Let us recall the localization theorem in equivariant cohomologies. We
refer the reader to [3, 6].
Let P = H∗
TΩ
(pt) and recall the ring S = H∗
GΩα
(pt) given in (2.2.1). We have
P ≃ H⊗H∗T(pt) ≃ H[χ1, . . . , χm]
with degχi = 2 for i = 1, . . . ,m. The action of W on T induces the action of W on P; i.e.,
w
(
f(χ1, . . . , χm)
)
= f(χw(1), . . . , χw(m))
for w ∈W, f(χ1, . . . , χm) ∈ H[χ1, . . . , χm]. Then the group morphism T → Gα induces the
homomorphism S = H∗
GΩα
(pt)→ H∗
TΩ
(pt) and S can be identified with
S ≃ H[χ1, . . . , χm]
Wα →֒ P,
where H[χ1, . . . , χm]
Wα is the set of Wα-invariant polynomials in H[χ1, . . . , χm]. Let K be
the fraction field of P:
K = C(χ1, . . . , χm, ~a (a ∈ Ω))
and consider P as a subring of K.
Let X be a quasi-projective TΩ-variety. Then the inclusion ι : XT
Ω
→֒ X induces isomor-
phisms (localization theorem):
K⊗P H
TΩ
∗ (X
TΩ) ∼−−→
ι∗
K⊗P H
TΩ
∗ (X)(2.3.1)
and
K⊗P H
∗
TΩ(X)
∼−−→
ι∗
K⊗P H
∗
TΩ(X
TΩ).(2.3.2)
Let tΩ := t ⊕ hΩ be the Lie algebra of the group TΩ = T × HΩ. For a finite-dimensional
weight module M over tΩ, set
d(M) =
∏
µ
µdimCMµ ∈ P,
where M =
⊕
µMµ is the weight space decomposition of M .
Assume that
the fixed point set XT
Ω
is finite and consists of smooth points of X.(2.3.3)
For a smooth TΩ-fixed point p, the equivariant Euler class eu(X, p) is by definition the image
of 1 ∈ P by the composition P ≃ H∗
TΩ
(p) −→ H∗
TΩ
(X)〈2 dimCX〉 −→ H
∗
TΩ
(p)〈2 dimCX〉 ≃
P〈2 dimCX〉 where the first arrow is the Gysin map. Then we have (see e.g. [3])
eu(X, p) = d(TpX).(2.3.4)
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The localization theorem (see e.g. [3]) says
[X] =
∑
p∈XTΩ
eu(X, p)−1[p] in K⊗P H
TΩ
∗ (X).(2.3.5)
Note that eu(X, p) never vanishes. Note also that, under the condition (2.3.3), the Gysin
morphism induces an isomorphism:
K⊗P H
∗
TΩ(X
TΩ) ∼−−→K⊗P H
∗
TΩ(X)〈2 dimCX〉.(2.3.6)
We now apply the localization theorem to TΩ-varieties F˜α and Zα. By [4, Proposition
1.2.1] and Lemma 2.1 (1), the sets F˜T
Ω
α and Z
TΩ
α of T
Ω-fixed points are given by
F˜T
Ω
α = {(0, Fw) | w ∈W} ⊂ F˜α, F˜
TΩ
ν = F˜
TΩ
α ∩ F˜ν ,
ZT
Ω
α = {(0, Fw,w′) | w,w
′ ∈W} ⊂ Zα, Z
TΩ
ν,ν′ = Z
TΩ
α ∩ Zν,ν′
for ν, ν ′ ∈ Iα. Then we have K-module isomorphisms by (2.3.1) and (2.3.6)
(2.3.7)
K⊗P H
∗
TΩ(F˜
TΩ
ν )
∼−−→K⊗P H
∗
TΩ(F˜ν)〈2 dimC F˜ν〉,
K⊗P H
TΩ
∗ (Z
TΩ
ν,ν′)
∼−−→K⊗P H
TΩ
∗ (Zν,ν′),
which yields
K⊗P H
∗
TΩ(F˜ν) ≃
⊕
w∈W
K ζw, K⊗P H
TΩ
∗ (Zν,ν′) ≃
⊕
w,w′∈W
K ζw,w′.(2.3.8)
Here, ζw (resp. ζw,w′) is the element in H
∗
TΩ
(F˜ν) (resp. H
TΩ
∗ (Zν,ν′)) which is the image of
(0, Fw) ∈ H
∗
TΩ
(F˜T
Ω
ν ) (resp. (0, Fw,w′) ∈ H
TΩ
∗ (Z
TΩ
ν,ν′)) under the isomorphisms (2.3.7). We
have the following injective P-module homomorphisms [20, (2.3)]
(2.3.9)
Ψν : H
∗
GΩα
(F˜ν) →֒ K⊗P H
∗
TΩ(F˜ν),
Φν,ν′ : H
GΩα
∗ (Zν,ν′) →֒ K⊗P H
TΩ
∗ (Zν,ν′)
for ν, ν ′ ∈ Iα. Let Ψα =
∑
ν∈Iα Ψν and Φα =
∑
ν,ν′∈Iα Φν,ν′ . Then we obtain the following
commutative diagram:
(2.3.10)
H
GΩα
∗ (Zα)×H
∗
GΩα
(F˜α)
 _

⋆
// H∗
GΩα
(F˜α)
 _

K⊗P H
TΩ
∗ (Zα)×K⊗P H
∗
TΩ
(F˜α)
⋆
// K⊗P H
∗
TΩ
(F˜α).
Here, ⋆ is the convolution product.
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Set
Λw = eu(F˜α, (0, Fw)) for w ∈W and,
Λ
sj
w,w′ = eu(Z
sj
w,w′, (0, Fw,w′)) for j = 1, . . . ,m− 1 and
w,w′ ∈W such that w′ = w,wsj and νw = νw′sj .
Then Λw and Λ
sj
w,w′ are elements of P of degree 2 dimC F˜νw and 2dimZ
sj
νw,νw′
, respec-
tively. Note that F˜α and Z
sj
w,w′ are smooth varieties with finitely many T
Ω-fixed points (see
Lemma 2.2).
By Lemma 2.1 and (2.3.5), we obtain the following lemma (see also [20, Lemma 2.17,
Lemma 2.19]).
Lemma 2.5.
(i) For ν ∈ Iα and f ∈ H[x1, . . . , xm], we have
Ψν
(
f(χ1(ν), . . . , χm(ν))
)
=
∑
w∈W(ν)
f(χw(1), . . . , χw(m))Λ
−1
w ζw,
where W(ν) := {w ∈W | Fw ∈ Fν} = {w ∈W | νw = ν}.
(ii) For ν ∈ Iα and f ∈ H[x1, . . . , xm],
Φν,ν
(
f(κ1(ν), . . . ,κm(ν))
)
=
∑
w∈W(ν)
f(χw(1), . . . , χw(m))Λ
−1
w ζw,w,
(iii) For j = 1, . . . ,m− 1 and ν ∈ Iα,
Φα(τj(ν)) =

∑
w∈W(ν)
Λ
sj
wsj ,w
−1ζwsj,w if sjν 6= ν,∑
w∈W(ν)
(
Λ
sj
w,w
−1ζw,w + Λ
sj
wsj ,w
−1ζwsj,w
)
if sjν = ν.
(iv) For w,w′, w′′ ∈W, we have
ζw,w′ ⋆ ζw′′ = δw′,w′′Λw′′ζw.
Proof. (i) For any w ∈W (ν), let Rw be the map K⊗PH
∗
TΩ
(F˜ν)→ K⊗PH
∗
TΩ
((0, Fw)) ≃K
induced by the inclusion (0, Fw) →֒ F˜w. Then the map
K⊗P H
∗
TΩ(F˜ν)
⊕Rw−−−−→
⊕
w∈W (ν)
K⊗P H
∗
TΩ((0, Fw)) ≃ H
∗
TΩ(F˜
TΩ
ν )
is an isomorphism (see (2.3.2)). Then (i) follows from
Rw
(
Ψν
(
f(χ1(ν), . . . , χm(ν))
))
= f(χw(1), . . . , χw(m))
(see (2.2.4)) and Rw(ζw′) = δw,w′Λw.
(ii) is similarly proved.
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(iii) immediately follows from (2.3.5) with X = Z
sj
sjν,ν .
(iv) It is obvious that ζw,w′ ⋆ ζw′′ = 0 as soon as w
′ 6= w′′. Hence we have
ζw = ζw,w′ ⋆ [F˜α] = ζw,w′ ⋆
( ∑
w′′∈W
Λ−1w′′ζw′′
)
= ζw,w′ ⋆
(
Λ−1w′ ζw′
)
.
Here the second equality follows from (2.3.5). 
Recall that ew is the fiber of the vector bundle F˜α → Fα at Fw (see (2.1.9)). Hence we
have
(2.3.11) Λw = eu(F˜νw , (0, Fw)) = eu(Fνw , Fw) d(ew).
Let w,w′ ∈ W such that Fw′,w ∈ O
sj
α , ı.e., w
′ = w, wsj and νw = νw′sj (see Lemma 2.1).
Then Z
sj
α → O
sj
α is a vector bundle and its fiber at Fw,w′ is ew ∩ ewsj (see Lemma 2.2). Hence
we have
(2.3.12)
Λ
sj
w,w′ = eu(Z
sj
α , (0, Fw,w′))
= eu(O
sj
α , Fw,w′) d(ew ∩ ewsj).
In the following lemma, we compute the quotients Λ
sj
w,w
−1 Λw and Λ
sj
w,wsj
−1 Λw of the
equivariant Euler classes in order to describe explicitly the actions of e(ν), κk(ν) and τt(ν)
on Pol(α). The polynomials Pi and Qi,j given in (1.2.6) arise naturally in the course of
computation.
Lemma 2.6. Let w ∈W and j = 1, . . . ,m− 1. Set ν = νw and write ν = (ν1, ν2, . . . , νm).
(i) If ν 6= sjν, then
Λ
sj
w,wsj
−1Λw =
∏
a∈Ωνj+1,νj
(χw(j) − χw(j+1) + ~a),
(ii) If ν = sjν, then
Λ
sj
w,w′
−1Λw = (−1)
δw,w′
∏
a∈Ωνj ,νj
(χw(j) − χw(j+1) + ~a)
χw(j) − χw(j+1)
,
where w′ = w or w′ = wsj .
Proof. By (2.1.10), we have
ew
ew ∩ ewsj
≃
⊕
a∈Ωνj+1,νj
Hom(Fw(j+1),Fw(j))(2.3.13)
as a tΩ-module. Hence we have
d(
ew
ew ∩ ewsj
) =
∏
a∈Ωνj+1,νj
(χw(j) − χw(j+1) + ~a).
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By (2.3.11) and (2.3.12), we have
Λ
sj
w,w′
−1Λw =
eu(Fw, Fw)
eu(O
sj
w,w′, Fw,w′)
d(ew)
d(ew ∩ ewsj)
=
eu(Fw, Fw)
eu(O
sj
w,w′, Fw,w′)
∏
a∈Ωνj+1,νj
(χw(j) − χw(j+1) + ~a).
(i) Assume that ν 6= sjν. Then w
′ = wsj and O
sj
w,wsj
∼−−→Fνw by Lemma 2.1 (v). Hence we
obtain (i).
(ii) Assume that νw = sjνw, and w
′ = w,wsj . Recall that Bα,w = {g ∈ Gα | gFw = Fw} and
bα,w is its Lie algebra. The morphism O
sj
w,w′ → Fw is a P
1-bundle and the tangent space of
the fiber at Fw,w′ is isomorphic to
bα,w + bα,wsj
bα,w′
≃
Hom(Fw(j),Fw(j+1)) if w′ = w,Hom(Fw(j+1),Fw(j)) if w′ = wsj
by (2.1.11). Hence we obtain
eu(O
sj
w,w′, Fw,w′)
eu(Fw, Fw)
=
χw(j+1) − χw(j) if w′ = wχw(j) − χw(j+1) if w′ = wsj ,
which implies (ii). 
We now describe explicitly the R(α)-module structure of Pol(α). Recall that for f ∈
H[x1, . . . , xm] and ν ∈ I
α, we denote by f(ν) the element f
(
χ1(ν), . . . , χm(ν)
)
∈ Pol(α).
Recall also that (wf)(x1, . . . , xm) = f(xw(1), . . . , xw(m)) for w ∈ W. The actions of e(ν),
κk(ν), τt(ν) ∈ R(α) (k = 1, . . . ,m, t = 1, . . . ,m− 1, ν ∈ I
α) on Pol(α) are given explicitly
in the following proposition.
Proposition 2.7.
(i) Pol(α) is a faithful R(α)-module.
(ii) Let f ∈ H[χ1, . . . , χm], and ν, ν
′ ∈ Iα.
(a) For k = 1, . . . ,m, we have
e(ν) ⋆ f(ν ′) =
{
f(ν) if ν = ν ′,
0 if ν 6= ν ′,
κk(ν) ⋆ f(ν
′) =
{
χk(ν)f(ν) if ν = ν
′,
0 if ν 6= ν ′.
(b) For j = 1, . . . ,m− 1 and ν = (ν1, . . . , νm) , we have
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τ˜j ⋆ f(ν) =

(∏
a∈Ωνj ,νj+1
(χj(sjν)− χj+1(sjν) + ~a)
)
(sjf)(sjν) if sjν 6= ν,(∏
a∈Ωνj ,νj
(χj(ν)− χj+1(ν) + ~a)
)
(∂jf)(ν) if sjν = ν.
Proof. (i) Our assertion follows from Lemma 2.5 (iv).
(ii) Since the assertion (a) is straightforward, we shall prove the assertion (b). Since the
diagram (2.3.10) is commutative, it suffices to show that
Φα(τ˜j) ⋆Ψα(f(ν)) = Ψα(g),
where g =

(∏
a∈Ωνj ,νj+1
(χj(sjν)− χj+1(sjν) + ~a)
)
(sjf)(sjν) if sjν 6= ν,(∏
a∈Ωνj ,νj
(χj(ν)− χj+1(ν) + ~a)
)
(∂jf)(ν) if sjν = ν.
By Lemma 2.5, we have
Φα(τ˜j) ⋆Ψα(f(ν)) =
∑
w∈W
(
δνw ,νwsjΛ
sj
w,w
−1ζw,w + Λ
sj
wsj ,w
−1ζwsj ,w
)
⋆
∑
w∈W(ν)
(wf)Λ−1w ζw
=
∑
w∈W(ν)
(
δνw,νwsjΛ
sj
w,w
−1(wf)ζw + Λ
sj
wsj ,w
−1(wf)ζwsj
)
.
(2.3.14)
Suppose that ν 6= sjν. Then, by Lemma 2.6 and (2.3.14), we have
Φα(τ˜j) ⋆Ψα(f(ν)) =
∑
w∈W(ν)
Λ
sj
wsj ,w
−1(wf)ζwsj
=
∑
w∈W(sjν)
Λ
sj
w,wsj
−1Λw(wsjf)
(
Λ−1w ζw
)
=
∑
w∈W(sjν)
( ∏
a∈Ωνj ,νj+1
(χw(j) − χw(j+1) + ~a)
)
(wsjf)Λ
−1
w ζw
= Ψα
(( ∏
a∈Ωνj ,νj+1
(χj(sjν)− χj+1(sjν) + ~a)
)
(sjf)(sjν)
)
.
Here the last equality follows from Lemma 2.5 (i).
We now assume that ν = sjν. By Lemma 2.6 and (2.3.14), we obtain
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Φα(τ˜j) ⋆Ψα(f(ν)) =
∑
w∈W(ν)
(
Λ
sj
w,w
−1(wf)ζw + Λ
sj
wsj ,w
−1(wf)ζwsj
)
=
∑
w∈W(ν)
(
Λ
sj
w,w
−1Λw(wf) + Λ
sj
w,wsj
−1Λw(wsjf)
)
Λ−1w ζw
=
∑
w∈W(ν)
( ∏
a∈Ωνj ,νj
(χj(ν)− χj+1(ν) + ~a)
) wsjf − wf
χw(j) − χw(j+1)
Λ−1w ζw
= Ψα
(( ∏
a∈Ωνj ,νj
(χj(ν)− χj+1(ν) + ~a)
) (sjf)(ν)− f(ν)
χj(ν)− χj+1(ν)
)
,
which completes the proof. 
Let R(α) be the Khovanov-Lauda-Rouquier algebra over the graded commutative ring
H associated with the data (A,P,Π,Π∨) and the polynomials Pi(u, v),Qi,j(u, v) ∈ H[u, v]
defined in (1.2.6). We take the Z-grading defined by (1.2.7). Then we have a faithful graded
polynomial representation Pol(α) of R(α) given in Proposition 1.5.
Now we can state and prove the main result of this paper.
Theorem 2.8. There exists a unique H-algebra isomorphism Θ : R(α) −→ R(α) such that
Θ(e(ν)) = e(ν), Θ(xk(ν)) = κk(ν), Θ(rt(ν)) = τt(ν)
for ν ∈ Iα, k = 1, . . . ,m and t = 1, . . . ,m− 1.
(2.3.15)
Proof. We can easily identify Pol(α) with Pol(α). It follows from (1.2.8), Proposition 1.5 and
Proposition 2.7 that there exists a unique injective H-algebra homomorphism Θ satisfying
(2.3.15). By Lemma 2.3, R(α) is generated by e(ν), κk(ν) and τt(ν), and hence Θ is surjective.

3. Indecomposable projective modules and lower global bases
In this section, we give a 1-1 correspondence between Kashiwara’s lower global basis
(or Lusztig’s canonical basis) of U−
A
(g) (resp. VA(λ)) and the set of isomorphism classes
of indecomposable projective graded R-modules (resp. indecomposable projective graded
Rλ-modules) when any of the diagonal entries of the symmetric Borcherds-Cartan matrix
A = (aij)i,j∈I does not vanish. Let us keep all the notations appeared in the previous sec-
tions. We first suppose that the symmetric Borcherds-Cartan matrix A is arbitrary.
For a given quasi-projective variety X over C with an action of a complex linear alge-
braic group G and A,B ∈ DbG(X), let Hom
k
G(A,B) = HomDbG(X)
(A,B[k]), where [·] is the
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translation functor. Recall the map πν given in (2.1.3). For ν ∈ I
α, we write
Lν = Rπν !(CF˜ν [2 dimC F˜ν ]) ∈ D
b
GΩα
(Eα).
Note that Lν is semisimple [11, Proposition 4.1]. Let Lα =
⊕
ν∈Iα Lν. Then, by the same
argument as in the proof of [5, Lemma 8.6.1], we obtain
R(α) ≃ Hom∗GΩα (Lα,Lα) and Rν,ν
′ ≃ Hom∗GΩα (Lν ,Lν
′) for ν, ν ′ ∈ Iα.(3.1.16)
Then R(α) is isomorphic to the opposite algebra Hom∗GΩα
(Lα,Lα)
op of Hom∗GΩα
(Lα,Lα) [5,
Section 8.6].
For α ∈ Q+, let Pα be the set of isomorphism classes of simple G
Ω
α -equivariant perverse
sheaves L on Eα such that L[k] appears as a direct summand of Lα for some k ∈ Z. Let Qα
be the full subcategory of Db
GΩα
(Eα) consisting of L having the form
L ≃ L1[k1]⊕ · · · ⊕ Lr[kr]
for some Li ∈ Pα and ki ∈ Z. Then Lα belongs to Qα by the decomposition theorem [1].
We now identify R(α) with R(α) via Theorem 2.8. Then, for L ∈ Qα, the vector space
Hom∗GΩα
(Lα,L) has the left R(α)-module structure. Moreover, Hom
∗
GΩα
(Lα,L) is a projective
R(α)-module by the construction of Qα. Then we obtain the following proposition by general
results on idempotent complete categories.
Proposition 3.1. Let
Υα : Qα −→ R(α)-pmod and Ξα : R(α)-pmod −→ Qα
be the functors given by
Υα(L) = Hom
∗
GΩα
(Lα,L) and Ξα(P ) = Lα ⊗R(α) P
for L ∈ Qα and P ∈ R(α)-pmod, respectively.
Then Υα is an equivalence of categories and Ξα is its quasi-inverse.
From now on, we assume that aii 6= 0 for any i ∈ I. Let K(Qα) denote the A-module
generated by [L] for L ∈ Qα subject to the relations [L1⊕L2] = [L1]+[L2] and [L[k]] = q
−k[L]
for k ∈ Z.
Let
U−
A
=
⊕
α∈Q+
K(Qα).
Then, together with the induction and restriction functors given in [11, 17], U−
A
becomes an
A-bialgebra and there exists an isomorphism [11, Section 5]
Ψ: U−
A
(g) ∼−−→U−
A
,(3.1.17)
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where U−
A
(g) is the A-form of the negative half of the quantum group Uq(g). Set
B =
⊔
α∈Q+
Ψ−1(Pα).(3.1.18)
The set B coincides with the lower global basis (or the canonical basis) of U−
A
(g).
Let K0(R) =
⊕
α∈Q+ K0(R(α)-pmod) be the Grothendieck group given in (1.2.3) and
define
Υ =
⊔
α∈Q+
Υα : U
−
A
∼
−→ K0(R),
where Υα is the isomorphism induced by Proposition 3.1. Using the same argument as in
[20, Section 4.6], it follows from Theorem 1.3 and (3.1.17) that the isomorphism Φ: U−
A
(g)→
K0(R) given in Theorem 1.3 satisfies
Φ = Υ ◦Ψ.(3.1.19)
Consequently, the first application of our main result follows.
Theorem 3.2. The isomorphism Φ gives a 1-1 correspondence between B and the set of
isomorphism classes of indecomposable projective R-modules.
Let λ be a dominant integral weight in P+ and K0(R
λ) =
⊕
α∈Q+ K0(R
λ(α)-pmod) be the
Grothendieck group given in (1.2.3). Let vλ be the highest weight vector of VA(λ) and define
pλ : U
−
A
(g) −→ VA(λ) by
pλ(x) = xvλ
for x ∈ U−
A
(g). Similarly, we define qλ : K0(R) −→ K0(R
λ) by
qλ(P ) = R
λ(α) ⊗R(α) P
for P ∈ R(α)-pmod. Then we have the following commutative diagram:
U−
A
(g)
pλ

Φ
// K0(R)
qλ

VA(λ)
Φλ
// K0(R
λ),
where Φλ : VA(λ)→ K0(R
λ) is the isomorphism given in Theorem 1.4. ThenBλ :=pλ(B)\{0}
coincides with the lower global basis (or the canonical basis) of VA(λ). For P ∈ R(α)-pmod,
since Rλ(α) ⊗R(α) P can be viewed as an R(α)-module, we have a surjective R(α)-module
homomorphism
P ։ Rλ(α) ⊗R(α) P,
which implies that qλ takes an indecomposable projective R(α)-module to an indecomposable
projective Rλ(α)-module or 0. Therefore we obtain the second application of our main result.
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Corollary 3.3. The isomorphism Φλ gives a 1-1 correspondence between Bλ and the set of
isomorphism classes of indecomposable projective Rλ-modules.
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